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Abstract-The phenomenon of dynamic elastic-plastic buckling is studied using a simple imper­
fection-sensitive idealized model with elastic linear work hardening springs to simulate the elastic­
plastic material behaviour.

The stability theorem for autonomous systems is used to obtain the transition between stable
and unstable behaviour. A step loading and three types of finite duration pressure pulses are
examined. In some cases. several elastic-plastic cycles ofspring deformations occur before the model
shakes down to a wholly elastic behaviour.

The various results show that the effects ofa pulse loading are significant even for pulses having
a duration comparable with the natural period of vibration. Furthermore. the model becomes more
sensitive to the inftuence of initial imperfections as the pulse duration decreases.
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masses defined in Fig. I(hl
lengths of members shown in Fig. I(al
L,IL:
time
displa,"-cments of springs I and 2 in Fig. I. respectively
dimensionless displacements u,/L I und uJL I • respectively
vertical displacement in Fig. I(bl
YoIL:
~/LI.(ILI
forces in springs I and 2. respectively
spring coctlicients dc:lined in Fig. 2
KrL,
amplitude ofexternal force
defined by c:qns 3(j-1)
non-linear spring softening characteristic at A in Fig. I(b)
w;lw~
K,/K
horizontal displacement of A in Fig. I(bl
initial imperfections indicated in Fig. I(al
Wit

2Klmo
2Kr l /m,
displacement at yield in springs I and 2
pulse duration indicated in Fig. 3
I"dtio of pulse duration to the natural period of horizontal vibration
v( l/vf
step of numerical integration.

I. INTRODUCTION

The dynamic buckling of imperfection-sensitive structures is examined by Budiansky and
Hutchinson (1966), Danielson (1969), Hutchinson and Budiansky (1966), Jones (1984),
Jones and dos Reis (1980), Karagiozova and Jones (1990) and Lindberg and Florence

t On leave from Bulgarian Academy of Sciences. Institute of Mechanics and Biomechanics. 1090 Sofia.
Bulgaria.
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(198:!). Although the static buckling of structures is fairly well understood. a clear under­
standing of dynamic plastic buckling is lacking. However. the analysis of idealized models
with simplified material properties provides some insight into this complex phenomenon.

The dynamic buckling of idealized elastic models is considered by Hutchinson and
Budiansky (1966) and Danielson (1969) for a step loading having an infinite duration and
by Budiansky and Hutchinson (1966) for a pulse load having a finite duration.

Dynamic buckling of the simple imperfection-sensitive model in Fig. I with the sim­
ultaneous influence of material plasticity and initial geometric imperfections is studied by
Jones and dos Reis (1980) for a step loading. The numerical results reveal two distinct
forms of dynamic response known as "direct" and "indirect" dynamic buckling which
occur within specific ranges of the frequency ratio for the idealized model.

Various features of the dynamic elastic-plastic buckling of the model in Fig. I with
1110 = 0 under two pressure pulse loadings is examined by Karagiozova and Jones (1990).
In particular. it was observed that. for large initial imperfections. a pulse loading causes
many combinations of elastic and plastic spring deformations before instability occurs.
while a step loading predicts instability within the elastic range. at least for the parameters
studied.

The idealized elastic linear work hardening imperfection-sensitive model in Fig. I under
a step loading and a finite duration pressure pulse is considered herein when retaining the
influence of axial inertia (i.e. 111(1 -# 0).

2. IIASIC EQUATIONS

The model in Fig. I(a) is subjected to a dynamic loading P(t) at point H. The various
memhers are rigid and weightless und the only m'lsses. 111(1 und 1111. are conccntrated at H
and II. respectively. The unlouded model hus a stress-free initiul imperfection (. while the
memher FI IG is contruined to remuin horizontul. Member FHG and pin B are constrained
to move verticully in frictionless guides. Frictionless pins are located at A. B and I and the
behaviour of the softening non-linear spring at A is governed by the relation F = P~2. where
(+ ~ is the tot.l1 horizontal displacement at A. as indicatcd in Fig. I(b). The material

(0) (b)

Fig. I. Simple model. (a) Initial position. (b) Deformed position.



Dynamic pulse buc::k1ing

Fig. 2. Elastic-plastic characteristics of springs I and 2.
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behaviour of the model is simulated by springs I and 2 with the load-displacement charac­
teristics shown in Fig. 2 and. for convenience. it is assumed that the springs have identical
characteristics.

The dimensionless deformations of springs I and 2 are

Xl = y-:(:+2.:)-r: and .l"z = y-:(:+2.:)+r: (Ia. b)

respectively. and the equations of motion may be written in a dimensionless form after
Jones and dos Reis (1980) :

where

:" -(:+.:)(Q. +Qz) -r(Q. -Qz)/2-a: z = 0

y = yo/L z• :: = e/Lz• == !/L z• r = L./Lz• w~ = 2K/mu•

(JJ~ = 2Krz/m.. r. = wUUJ~. a = Lz/J/2Kr z• Pc = KrL I •

(2a. b)

The relationship between the dimensionless spring forces Q~ and the respective dimen­
sionless displacements x, may be expressed in the form

(4)

"', = I. when Q:in ~ Q, ~ Q:.'. where Q:.' is the largest dimensionless force in the
previous plastic loading of spring 1%. or the dimensionless yield load (!1,LzI L I) when no
plastic flow has occurred. Q:in is the smallest dimensionless force in the previous plastic
reloading ofspring 1% or the dimensionless yield load (-!1,LJLI) in tension when no plastic
reloading has occurred and Q:in = Q,:u-2!1yL2/L~. "'~ =.t, when Q, > Q':u and Q; > O.
or when Q, < Q:"n and Q; < O.

Four kinds of dynamic loading are discussed in this article. Numerical results are
obtained for a rectangular pulse loading (Fig. 3(a)], which is characterized by the dimen­
sionless applied load Po/Pc and the duration of loading to. together with two triangular

P,Pc L P,Pc t P/Pc L__
~IP,~ ~IP,~ ~'P.~

tet t.t t.t

IQ) Ibl leI
Fig. 3. (a) Rectangular pulse load. (b) Triangular pulse I. (c) Triangular pulse 2.
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loadings [Figs 3(b) and 3(c)]. Comparisons are made with the step loading case. which has
an unlimited duration and has been considered previously by Jones and dos Reis (1980).

Equations (2) are re-east into a set of non-linear algebraic equations using finite­
difference expressions [see Jones and dos Reis (1980)] and are solved at each time step with
a standard Newton-Raphson procedure [see Carnaham et al. (1969)].

3. STABILITY OF THE MODEL

The structural response depends on the loading history of the springs because there is
no one-to-one stress-strain correspondence in the presence of plastic strains according to
eqns (4). Different kinds of behaviour are possible. For example. if the plastic strain
increments have the same sign throughout the entire deformation process. then the total
strains may become so large that the structure becomes unserviceable. On the other hand.
it is also possible that after some plastic deformations during an initial phase of loading.
the structural behaviour may become eventually elastic and stable [see Konig (1987)].

let us first consider a step loading. Substituting eqns (I) and (4) into eqns (2). the
governing equations of motion become

and

(Sa. b)

where

(I. = (t/JI +t/J2)/(2r.). CI = -(II. hi = -[(t/JI +t/J2):+(t/J.-t/J2)r/2j/r.

ell = -[(Q~+Q~)r2_(t/Jlx~+t/J2x~)-r2Qoll(2f.) (6a-d)

.lOd

{I2 = -(t/JI +t/J2):/r2-(t/JI-t/J2)/2r

h 2= - [Q~ + Q~ - (t/J IX~ +t/J2x g)/r2- 2:2(t/J 1+ t/J 2)/r2- 2:(t/J. - t/J2)/r- (t/J 1+ t/J2)/2]

£"2 = 3(t/J. +t/J2):/r2+3(t/JI-t/J2)/2r-(l. el2 = -(t/JI +t/J2)/r2• e2 = -el2

j~ = -[Q(:+Qg-(t/JIX~+t/J2x~)/r2]i-(Q~-Qnr/2+(t/JIX~-t/J2xg)/2r (7a-f)

and the superscript .. 0 .. indicates the values of the corresponding quantities when the value
of t/J last changed in either of the springs.

Generally speaking. the coefficients of eqns (Sa. b) are time-dependent since t/J have
the values of ). or I depending on the active part of the force-displacement relationship in
Fig. 2. Taking into account that t/J. is a single-valued function for each part of this diagram.
eqns (5a. b) may be solved and studied step-by-step at each phase of the deformation.

At every step, the coefficients ofeqns (Sa, b) are determined using t/J Iand t/J2. However,
to illustrate the general procedure the behaviour of only one spring is considered below.

Assume that the external load Qo is sufficiently large for the spring force Q. to be at
point A in Fig. 4 when r = tA. Further deformation of the model is governed by eqns (Sa, b)
with t/J. = J. and the initial conditions

Fig. 4. Elastic-plastic loading cycles of the springs.
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y(TA) =YA, :(TA) = t A, y'(TA) =y~ and :'(TA) = z~.
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(8)

This phase of motion with !/I. = ,i is completed when the point B in Fig. 4 is reached. The
next phase of motion has 1/1. = I and begins with the initial conditions for y, :, y' and :' at
point B. It is evident that this solution procedure may be continued when passing through
the points C, D, E and F in Fig. 4.

This solution procedure for eqn (5) leads to an autonomous differential equation
system at every step with !/I. =constant. If at every new stage of the motion the initial
conditions are y.,:. and .v'., :'., then the new variables .vI' VI' ZI and WI may be introduced
as follows:

YI =y-y*, t'. = y'l = t'-t'·, =1 = :-:*, Hli = :'1 = w- w· (9)

where t' =.v' and w = z'.
Thus, eqns (Sa, b) may be rearranged as a system ofrour ordinary first-order differential

equations

and

(lOa-d)

where

h~ = -(hi +2,,=*), d~ = -("ly·+h1z·+C'lz*z+cll ), a., = -(cz+3C'z=*),

c) = -(uz+clzz·), b) = -(bz+2czz·+clzy*+3cz=*z)

and

(I la-f)

The singular points (J'., Vii, z~, w'\) of eqns (10) satisfy the equations [see Davis (1962)] :

(12a-d)

In the general case, not all the singular points are real, but only the real ones are
considered in this study. From the stability theorem [see Cunningham (1958)] the nature
of the solution in the neighbourhood of the singular points is determined from the roots of
the equation

(13)

where

In the case under consideration, eqn (13) becomes
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-A I 0 0

-at -A b 4 -2c'='1 0
=0. (14)

0 0 -I. I

c) -d2=r 0 -3e2(~)2+2a)~ -dlY'. +b) -A

The solution of eqns (10) is unstable even if only one root of eqn (14) has a positive
real part.

The stability of the model may be determined by following the force-displacement
relationship step-by-step throughout motion and studying the stability of eqns (10) with
the initial conditions corresponding to the instants when either or both of the spring
characteristics change from one regime to another. It is possible when the load amplitude
is sufficiently large, that eqn (10) with the initial conditions for the current phase of
deformation. are unstable. However. if the strain increment then changes sign during
subsequent motion. it is possible that the next phase of motion is stable according to eqns
(10) and the initial conditions corresponding to the instant that the strain increment changes
sign.

The material model allows a sequence of elastic and plastic behaviour of the springs
(Fig. 2) and. therefore. a number of loading-unloading cycles including plasticity in each
complete cycle. is possible. It is of interest to enquire whether or not the model will shake
down to a stable wholly elastic state after a finite number of complete cycles. In this
circumstance. the displacements X, will be bounded as x~on < X. < x~" with Q~on <
Q, < Q;'.' and stable behaviour of the model. This behaviour is possible only if the rate
of the spring force increments arc non-increasing functions of time during the plastic
phases of motion. Every phase of motion with plastic deformation is then characterized by
a decreasing force increment L\Q. and after a finite number of c1astic-~plastic cycles the
model will. therefore, shake down to a wholly ehlstic state. The spring force increments
L\Q~n"/L\r and I~Q~""'I/~t arc shown in Fig. 5('1). ~Q~n., ..nd L\Q~"on arc the incremental
spring forces during the plastic loading and pl..stic reloading phases. respectively.

By changing the coetlicients and the initial conditions in eqns (10), the condition for
non-increasing spring force increments provides a wholly elastic solution during the last
phase of motion. Dillcrent kinds of stable behaviour of the model can be established
depending on the re..1 part of the roots of eqn (14). In particular. if the roots of eqn (14)
are two pairs of pure imaginary numbers. then two vortex points exist which determine
limit cycles in the planes (Y. y') and (z. z') for the linearized version of eqns (10). The
conjugate complex roots with a negative real part determine the stable behaviour as a spiral
in the corresponding planes.

In the case of a pulse loading. the above procedure is also used to study the stability
of the model after the pulse is released. The initial conditions for y. z and Q. in eqn (10)
are determined at t = to which is shown in Fig. 3. The temporal variation of the quantities
L\Q:a'/L\r and I~Q~1Unl/L\r are presented in Figs 5(b. c) for rectangular and triangular
pressure pulses. respectively. These are not monotonically decreasing functions of the
dimensionless time due to inertia effects. but the overall trend does decrease with time.

The spring force QI during the deformation of the model under a rectangular pressure
pulse is shown in Fig. 6. The increments ~Qr" are determined from the values of QI on
the line AB while the pulse is active where B is the largest value of Q I' The increments
dQ'i"n while the pulse is active are determined from the values of QI on the line CD. When
the pulse is released at roo spring I unloads to point B1 and the values of Qr"' are bounded
by the line C 1D I. while the values of Qjin lie on line AI B•. It transpires that the spring force
increments decrease with time and Qj.' and Qrin reach the constant values coinciding with
the points E and F, respectively. thereby providing a wholly elastic stable behaviour of the
model.

4. DYNAMIC BEHAVIOUR OF THE MODEL

The behaviour of the idealized model in Fig. I(a) with masses m o and m 1 under a step
loading has been studied by Jones and dos Reis (1980) with the assumption that springs I
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Fig. 5. (a) Spring force increments with time for a step load having Pul p• .. 0.12.;' "" 0.75, : "" 0.00 I.
w1/wu - 0.316. II" 10. r - I. t!.LlILl .. 0.268 and lis - 0.005. (b) Spring force i",;rernents with
time for a rcctangular pulse:: load with pulP... 1.0, t u .. 10, w,{wu .. 0.55. ;, "" 0.75. : == 0.001.
u - 10, r" I. t!.L!/L; '" 0.268 and lis .. 0.005. (c) Spring force increments with time for a tri­
angular pulse:: I with pulP. == 1.9. t u "" 10. wl/wu" 0.69. ;, =0.75.: =0.001. u = 10. r = I. t!,Lll

L; .. 0.268 and L\,f" 0.005.

and 2 may load elastically and plastically but unload only elastically. The possibility of
spring reloading in the plastic range is considered in this article.

A stable behaviour ofthe model is shown in Figs 7(a. b) for an external step loading with
Po/Pc = 0.8 and for two different values of the frequency ratio WI/WO' For WI/WO = 0.08. Le.
for a relatively small mass mo. some plastic flow occurs during the first four cycles and
wholly elastic vibrations y(t) begin at t ;;: 7.

The amplitude of y(t) in Fig. 7(a) for a large mass. mo. having wi/wo = 0.75 is larger
than that for WI/WO =0.08 throughout the deformation process in Fig. 7(a) even though
elastic-plastic deformation occurs during the first 20 complete cycles.

It is evident from Fig. 7(b) that the horizontal displacement z(t) is much larger for the
greater value of wJ!wo. while the period is slightly smaller than the period of the vertical
displacement in Fig. 7(a). However. for the smaller value of WI/WO' the period of the
horizontal displacements is much larger than the period of the vertical displacements.

Unstable behaviour of the model has been examined and the numerical results which
are presented by Jones and dos Reis (1980) have been reproduced in the present study.
Using the material model proposed herein. the same types of buckling are established and
are shown in Fig. 7(c). For small values of wJ!wo. a direct type of buckling is observed.
while. for the larger values of WI/WO. instability occurs indirectly. as mentioned by Jones
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Fig. 6. Spring force Q, during the deform.tlillR pr\X.'ess for a re<:tangular pressure pulse with
Po/Pc - 0.8. r. - 5. (rJ,/wo = 0.316• .l = 0.75. : = 0.001. 1/ = 10. r = I. Ii,L:/L; =0.268 and
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:and dos Reis (1980). Limit cycles :'(:) for stable model bch:tviour :ue drawn in Fig. 8 for
the frequency mtios wl/wo =0.08 and 0.75. The variations of the dimensionless horizontal
velocities:' with the vertic:tl and horizont:tl displacements for stable and unstable behaviour
of the model under a step loading. are shown in Figs 9(a-d).

A comparison between the dimensionless critical loads for three different types of
spring behaviour for modelling the material deformation. is presented in Fig. 10. For
frequency ratios lying within the range 0 < wl/wo < 0.5. the wholly elastic behaviour
predicts higher critical values of Polp. than both models which include some plastic spring
behaviour. However. the model which includes a plastic reloading of the springs predicts
slightly larger values of Pol p. than the elastic-plastic case. The difference between the
critical values of Pol Pc for elastic and elastic-plastic deformations was also established for
the cases when mo =0 and mo -F O. and 0 < w./wo < 0.5 by Jones and dos Reis (1980).
The case of plastic reloading was not considered by Jones and dos Reis (1980). but it is
observed in the present study to give only slightly larger critical loads so that it is not
important from a practical viewpoint.

The elastic-plastic model predicts higher values of PolPc than the wholly elastic case
within the range of frequency ratios 0.5 < wl/wo < 1.0. Furthermore. the material model
including plastic reloading gives much higher critical values of PolPc because of the possi­
bility of multiple elastic-plastic cycles when a significant amount of energy is absorbed in
plastic deformations. The large difference between the predictions of the two elastic­
plastic models when w./CJJo ;.. 0.5 is due to the phenomenon of indirect buckling which is
characterized by an important interaction between the vertical and horizontal displace­
ments. The effect of the plastic energy absorption becomes more important because of the
long times required for the development of this kind of instability.

The behaviour of the idealized model under the rectangular pressure pulse in Fig. 3(a)
is shown in Fig. II. Two complete elastic-plastic cycles are observed while the pressure
pulse is active and considerable plastic reloading occurs when the pulse is released [Fig.
II (a»). Seven complete elastic-plastic cycles then occur until the motion becomes wholly
elastic at t = 19.335.
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Fig. 10. Variation of dimensionless dynamic buckling load Pol Pc with frequency ratio w,/wo for
;. = 0.75. : = 0.0009375. a = 10. r = I. 6,L:/Li =0.268 and 6s = 0.02. • •••••. elastic
model; • elastic-plastic model: I. model which does not permit plastic reloading of the

springs: 2. model including the possibility of plastic reloading of the springs.
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Fig. II. Model rcsponse to a rcctangul:lr pressure pulse with Po/Pc .. 0.8. To" 5. ltJ,/wo " 0.316.
). .. 9.75.: = 0.001. a" 10. r .. I. 6,LJIL; ... 0.268 imd!:l.r .. 0.02.

The influence of the hardening ratio A. = K,I K on the critical values of PolPo depend
on the ratio of pulse duration to the natural period of vibration y, as shown in Fig. 12. [t
is evident that the critical values of PolPc depend strongly on the value of y, so that the
effect of the pressure pulse duration is significant.
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Fig. 12. Variation of the dimensionless dynamic buckling load Pol Pc with the ratio j' for a rectangular
pressure pulse having w,/wo = 0.316.: =0.001. a = 10. r = I. tJ.,L:ILi =0.268 and tJ..v =0.02 for

three values of the ratio A.

The initial imperfection sensitivity of the idealized model in Fig. I is presented in Fig.
13 for a rectangular pressure pulse loading. It is evident that the sensitivity to the initial
imperfections: increases as the dimensionless duration y decreases.

The response of the idealized model when subjected to a triangular pressure pulse [Fig.
3(b» is shown in Fig. 14. Five complete c1ustic-plastic cycles occur while the pulse is active
and arc characterized mainly by plastic deformations due to reloading of the springs. The
behaviour is almost wholly clastic after the pressure pulse loading is completed. Variation
of the dimensionless horizont.tl velocity =' with the vertical and horizont<ll displacements
for st<lble and unstable behaviour of thc model under a triangulur pressure pulse I is dmwn
in Figs 15(a. b). The inlluence of the mlio ..t and the sensitivity of the critic<ll loud of the
model to the initiul imperfections 'lre presented in Figs 16 und 17. respectively. It is evident
that similar conclusions can be made to those for a rectangular pressure pulse.

The response of the model in Fig. I to a triangular pulse 2 [Fig. 3(c)] is presented in
Fig. 18. The behaviour of the model during the earliest phases of motion. while the pressure
pulse is active. is characterized by increasing plastic deformations. Two clastic-plastic cycles
with small plastic deformations during reloading of the springs is observed after the pressure
pulse is completed. The final cycle of the unloaded model in Fig. 18 is wholly elastic.

Figure 19 shows the significance of the pulse duration for the triangular pulse loading
2 on the dimensionless critical dynamic buckling loads. Even for y = I the critical values
are more than three times larger than the critical values for a step loading with ..t = 0.5.

1-0

~8

~6L....--_-_-~- ...
0001 0005 0010 0015 0020 ~

Fig. 13. Variation of the dimensionless dynamic buckling load Pol Pc with dimensionless initial
imperfections: for a rectangular pressure pulse having wi/wo =0.69. A=0.75. : =0.001. a = 10.

r = I. li,L:ILi = 0.268 and tJ..r = 0.02 for three values of pulse ratio y.
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Fig. 14. Model rcsptm5e to a triangular rres.~urc pul5e [Fig. )(bll with Po/Po - 0.8. to - 10.
(//,/(110 - 0.316.). - 0.7S.! - 0.001. u - 10. r .. 1.I1.L:/L; - 0.268 and AI - 0.02.
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Fig. IS. Variation or the dimensionless horizontal velocity:' with vertical (y) and horizontal
(:) displacements ror a triangular pressure pulse I having). - 0.7S. ! - 0.001. Q - 10. r - I.
w,/wo - O.69.I1,L:/Lf - 0.268 and AI - O.OOS. (a) Stable behaviour orthe model with Po/Po - 1.9.

(b) Unstable behaviour or the model with Po/p. - 1.999.
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Fig. 16. Variation of the dimensionless dynamic buckling load Pol P, with pulse ratio '/ for a
triangular pressure pulse [Fig. 3(b)) having w.lw" = 0.316. ;, = 0.75. : = 0.001. a = 10. r = I.

~. L:IL; = 0.268 and ~s = 0.02 for three different values of the hardening ratio ;,.

The initial imperfection sensitivity is presented in Fig. 20. from which it is evident that the
model becomes more imperfection sensitive with decreasing pulse durations.

The dimensionless buckling pulses arc {= yPolPc and {= yPo/2Pc for the rectangular
and triangular loadings. respectively. A comparison between the dimensionless critical
values is made in Fig. 21 for two values of A. [Fig. 21 (a)] and two values of the initial
imperfection: [Fig. 21 (b)). For pulses h.tving a short duration (y < I) the triangular pulse
I predicts the highest critic.1I dimensionless values of {. while the lowest values of the
critical dimensionless pulses are predicted for a rectangular sh.tped pressure pulse. For
long dumtion pulses (y > 2) the rectangular pressure pulse predicts the highest critical
dimensionless pulses. while the triangul,tr pulse 2 predicts the lowest value of {.

Figure 22 shows a comparison between the variation with y of the critical v.llues of
the pulse nmplitude Pol Pc and the dimensionless buckling pulse { = yPul Pc for rectangul'lr
pressure pulses h'lving mil = 0 nnd "'Il :#; O. Equations (2) arc decoupled when "'u = 0 and
only eqn 2(b) should be considered when taking into account that Q = QI +Q!. This
equation is solved using the technique presented by Karagiozova nnd Jones (1990).

The numerical results show that axial inertia has an importnnt inl1uence on the critical
values of the pulse amplitude PiliPc [Fig. 22(a)] over the whole range of pulse mtios.
including y ..... c/). The difference between the curves is particularly significant for short
duration pulses (y < 0.5). The model with"'ll = 0 shakes down to a wholly elastic behaviour
after only one elastic-plastic cycle. However. the axial inertia of mil causes multiple cycles

1-/'~~2'2
1-2

-}/,

1-0

008
0-6L.....__~.....,..-:-'~-:-':-=-_

0-001 o-oos 0·010 0-015 0-020 2

Fig. 17. Variation of Ihe dimensionless dynamic buckling load p./p. with dimensionless initial
imperfections =for a triangular pressure pulse IFig. 3(b») having (f),/wo = 0.69. ). = 0.75. a = 10.

r = I. ~._L:/LI- 0.268 and Av =0.02 for two values of the pulse ratio ,/.
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Fig. 18. Model response to a triangular pressure pulse [Fig. 3(1:)1 with PolPc "" 0.8. to .. 10.
lu,/I"" "" 0.316.;' = 0.75.: = O.lKlI. u = 10. r = 1. ti,LI/L; = 0.268 and 6.v '" 0.02.

ofc1&lstic-plastic deformations during the pulse duration as well as after the pulse is released.
-This phenomenon allows much more energy to be absorbed during deformation which
increases. therefore. the critical values of the pulse amplitudes. Furthermore. the effect of
the pulse duration when mil = 0 is more significant only for short pulses (y < I). while in
the case of mil '#- 0 this clfect is important even for pulses having a duration comparable
with the corresponding natural period of horizontal vibrations.

The influence of axial inerti:t on the critic:II values of the buckling pulse 1 = yPolp. is
shown in Fig. 22(b). The minimum v:llue of the buckling pulse with mo = 0 occurs near
y = 0.4 whereas the minimum value is ncar y = 1.2 for the buckling pulses with mil '#- O.

5. CONCLUSIONS

The imperfection-sensitive idealized model in Fig. I. which has elastic-plastic springs
to simulate the material behaviour. was subjected to various dynamic loadings. The model
response under a step loading. a rectangular pressure pulse and two types of triangular

JO

2'0

1-0

°o'------~----- ........~~-
23456789 Y

Fig. 19. Variation of the dimensionless dynamic buckling load PolPc with pulse ratio y for a
triangular pressure pulse (Fig. 3(c)l having w,/wo" 0.316. =.. 0.001. a'" 10. r'" 1 and

6,L:1L; = 0.268 for dilTerent values of hardening ratio ;,.
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Fig. 20. Variation of the dimensionless dynamic buckling load P"IP, with dimensionless initial
imperfections: for a triangular pressure pulse [Fig. 3(c») having (1),/(1)" = 0.69. ;. = 0.15. a = 10.

r = I. t.,LllL i = 0.268 and As = 0.02 for two values of the pulse ratio ".

pressure pulse was examined using a numerical method. It is found that the stable response
of the model shakes down to a wholly elastic behaviour after a certain number of elastic­
plastic cycles of spring deformations for all the external loadings considered.

Higher critical values of a step loading than those reported by Jones and dos Reis
(1980) are obtained when the springs are allowed to reload plastically. The difference
between the two e1astic-pl<lstic models is more significant for indirect buckling in the range
0.5 < (t) ,/Wll < 1.0.
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Fig. 21. Variation of the dimensionless pressure pulse I with pulse ratio 'I and with w,/wo "" 0.316.
a" la, r "" I. t.,Ll/Li ,. 0.268 and tu,. 0.02. (a) ! .. 0.001 and;' .. 0.5. ;. '" 0.75. (b) ;. '"' 0.15

and: '" 0.001 and: .. 0.01.
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rig. 22. Numerical results for a rectangular pressure pulse: having u ,. 10. r '" I. I1,L

2
/ L I _0.268.

;. ,. 0.75 and! - O.tlOl. ••••••• nlo " 0; • w,/Wo ,. 0.316. f!u ,. 0.02. (a) Variation of the
dimensionless dynamic buckling load po/P. with ratio y. (bl Varialion of the dimensionless rect.

angular pressure pulse: I with pulse: ratio y.

Il was observed for all the numerical calculations in this work. that the spring force
rate in the plastic range. as shown in Fig. S. always decreases for stable behaviour and
increase for unstable behaviour. This could. therefore. be used as an alternative instability
criterion.

The effect of the pulse loading is important even for pulses having a duration com­
parable with the corresponding natural period of vibration. A comparison between the
various pulses shows that a rectangular pressure pulse predicts the lowest dimensionless
critical pulse values I for short pulses, while. for pulses having a long duration, the lowest
critical pulses are associated with a triangular pressure pulse having Po = 0 at t = O.

The imperfection-sensitivity of the model is studied for the pressure pulse loadings and
is observed to become more sensitive as the pulse duration decreases.

Axial inertia plays an important role in determining the critical values of the pulse
load. The phenomenon of multiple elastic-plastic cycles due to axial inertia gives higher
critical values of the pulse amplitude over the whole range of pulse ratios including "1-0 00.
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